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Abstract 
Let -~ be a homogeneous tiling of H 2 whose growth from an initial configuration by the 
accretion of successive layers or coronas can be described by recurrence relations, If t~ denotes 
the total number of tiles of 3 within n layers of the initial configuration, we define the growth 
rate 2 of 3 as 
2 = lim t.+ 1/t,. 
n~c~5 
When this limit exists, we use 2 to extend the definition of balanced filings given by Griinbaum 
and Shephard to certain normal homogeneous filings of H 2. In E 2 all homogeneous tilings are 
balanced. This is not the case in H2; it is shown that the balance of an isohedral tiling 3 varies as 
the corona of a representative tile. Using results of Floyd, we establish that the recurrence 
associated with an 'essentially' isohedral tiling of E 2 or H 2 is palindromic. 
1. Introduction 
The study of the growth of infinite discrete mathematical systems uch as finitely 
generated groups and locally finite graphs has received much attention. See, for 
example, Floyd, 'Symmetries of Planar Growth Functions I I '  [5], and Imrich and 
Seifter, 'A Survey of Graphs with Polynomial Growth'  [13]. In most cases, the emphasis 
is on distinguishing between polynomial and exponential growth. Sometimes an 
actual growth rate is computed, (diml(G) and dim,(G) in [18], or z(G) in [20]), but 
usually the nature of the growth rather than a specific numeric rate is what is desired. 
In this paper, we introduce the definition of the growth rate ,~ of a homogeneous 
tiling as a means of extending Gri inbaum and Shephard's definition of balanced 
tilings to the hyperbolic plane. For filings of the Euclidean plane, 2 = 1; for those 
tilings of the hyperbolic plane for which the growth rate has been computed, ,~ is 
a specific real algebraic number strictly greater than 1. 
A tiling ~ is a countable family of closed topological disks, called tiles, which cover 
the plane (Euclidean, E 2, or hyperbolic, H 2) and have pairwise disjoint interiors. The 
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non-empty intersection of a set of at least two tiles from .3 is an isolated point called 
a vertex of the tiling, or an arc called an edge of the tiling. We use V for the set of 
vertices, and E for the set of edges of.3. 
A tiling .3 gives rise naturally to an infinite plane graph G(V, E) called the edge 9raph 
of.3. Because of our restrictions on ` 3, the edge graph G will be connected, with no 
loops, and all vertices will have degree greater than or equal to three. Since there is 
much literature on the growth rates of graphs, and since a tiling has its obvious 
associated edge graph, it may seem redundant to define another measure of growth. 
Our motivation comes from tiling rather than graph theory. Some of the current 
interest in tiling theory can be attributed to the investigation of aperiodic tilings, and 
to the use of computers to generate tilings of spaces other than the Euclidean plane. In 
these cases, a major question is how the tiling grows: how new tiles are attached to old. 
In the case of the Penrose tiles, for example, one answer is in matching rules which 
govern possible configurations; in computer graphics, some kind of algorithmic 
process must be specified to create the tiling. 
In this spirit, we describe the growth of a tiling from an initial configuration 
through the successive accretion of annular layers. The tilings considered will be 
highly organized so that the growth at any stage is completely determined by previous 
stages and can be specified by recurrence relations. The growth rate 2 is the root of 
largest magnitude of the recurrence's characteristic polynomial. The existence of 2 is 
related to different kinds of global orders, balance and isohedrality, of tilings of the 
hyperbolic plane. In addition, the recurrences used to compute 2 exhibit an unusual 
algebraic structure: the characteristic polynomial is centrally symmetric or palin- 
dromic for a tiling whose symmetry group is 'essentially' transitive on its tiles (in 
a sense to be defined in Section 8). 
In Section 2, we give Griinbaum and Shephard's definition of a balanced tiling in 
the Euclidean plane and explain why the theorems and techniques for establishing 
balance in E 2 have no counterparts in H 2. In Section 3, we define the growth rate 2 of 
a tiling and use it to give a partial extension of the definition of a balanced tiling to 
certain homogeneous tilings of H 2. Sections 4 and 5 present the machinery for 
computing the growth rate and establish that any regular homogeneous tiling o fH  2 is 
balanced. In Section 6, we discuss balance for all homogeneous tilings of H 2 by 
triangles. Section 7 compares the properties of balanced tilings in E 2 and H 2, and 
Section 8 discusses the relationship between the symmetries of a tiling and the form of 
the recurrences which generate it. Finally, Section 9 establishes that our results are 
independent of the diagrams used in the computations. 
2. Balance of tilings in the Euclidean plane 
Balance for Euclidean tilings is defined by Griinbaum and Shephard in [11]. Their 
definition assumes .3 is 'well behaved' in the following sense: 
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Definition 2.1 (Grfinbaum and Shephard [ 1 1]). A tiling 23 is normal if the tiles of 23 are 
uniformly bounded; i.e., there exist two positive numbers U and u, such that every tile 
of 23 is contained in a disk of radius U and contains a disk of radius u. 
Fig. 1 below is a tiling which is not normal in E2: here the tiles either become 
arbitrarily elongated or arbitrarily thin. 
Informally, a tiling 23 of E 2 is balanced if the relative frequencies of its vertices, 
edges, and tiles can be computed. We have the definition. 
Definition 2.2 (Griinbaum and Shephard [1 1]). Let 23 be a tiling of E 2, D(r,P) the 
closed circular disk in E 2 with radius r and center P. The patch of tiles A(r,P) 
generated by this disk consists of the set of all tiles which intersect D together with any 
further tiles required to make the patch A(r, P) simply connected. Let v(r, P) denote the 
number of vertices, e(r, P) the number of edges, and t(r, P) the number of tiles, in the 
patch Aft, P). Then 23 is balanced (with respect o P) if 23 is normal and 
v(r, P) e(r, P) 
lira t(r, P-~ and lim t ( r~ exist and are finite. 
In fact, Grfinbaum and Shephard establish in Theorem 3.3.2 of [1 1] that if a normal 
tiling of E 2 is balanced with respect o a point P, it is balanced with respect o any 
point; that is, their results are independent of where the disk is centered. 
Balance of tilings is a kind of global order of a tiling introduced by Grfinbaum and 
Shephard in their discussion of: 
Theorem 2.1 (Grfinbaum and Shephard [1 1]). (Euler's Theorem for Tilings). For any 
normal tiling 23 of E 2, if one of the limits 
v(23) lim v(r,P) e(r,P) = or e(~) = lira - -  
~.~ t(r,P) ~.~ t(r,P) 
Fig. 1, A non-normal tiling of E 2. 
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exists and is finite, then so does the other. Thus, the tiling is balanced and moreover 
v(~) = ~(~) - 1. 
In this paper we will consider only homogeneous tilings. 
Definition 2.3. A tiling ~ is homogeneous of type [vl,/)2, " ' -  , Vk ' ]  if each tile T ~ ~ has 
the same sequence of vertex degrees, vl, v2, . . . ,  Vk, as we cycle around its perimeter. 
It is a fairly straightforward argument that any normal homogeneous tiling of E 2 is 
balanced. In fact, since a tiling of homogeneous type [vl, v2, . . . ,  Vk] is composed of 
k-gons, we have the rather unremarkable r sult that e(~) = k/2. For normal homo- 
geneous tilings of E 2 then, the limit e(~) coincides with our intuitive sense of the 
'average' number of edges per tile. The proof follows from Lemma 2.1, which depends 
on properties of area in E2: 
Lemma 2.1 (Gr/inbaum and Shephard [-11]). (Normality Lemma). Let ~ be a normal 
tiling of E 2, t(r, P) the number of tiles in the patch A(r, P). Then for each x > O, 
lim t(r + x, P) - t(r, P) = O. 
r~o~ t(r,P) 
Given a normal tiling 3 of E 2, Grfinbaum and Shephard establish a numerical 
relation as approximately true for a patch A(r,P) of tiles from 3, then use the 
Normality Lemma to show that the error encountered along the border of the patch 
vanishes as r ~ ~. 
However, the properties of area in the hyperbolic plane are very different from those 
of E 2. Of particular importance in examining patches of tiles determined by a disk, the 
area A of a circle of radius r in the Euclidean plane grows as the square of its 
circumference C: 
A = C 2" 1/4re. 
By contrast, in H 2, the corresponding relationship is
A = C" tanh r/2, where tanh r/2 = (e r - 1)/(er + 1) < 1. 
Thus, in H 2, the area of a disk grows as the first power of its circumference. In
Section 5 we show that, in computing numerical properties of a patch of tiles in the 
hyperbolic plane, behavior along the border of the patch cannot be discounted. In 
particular, in H 2, how a tiling grows by adding tiles along the boundary of a patch 
determines numerical relations about the tiling, specifically the limits v(~) and e(~) 
defined above. 
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3. The growth rate of a tiling and the definition of balance for tilings in the 
hyperbolic plane 
One way to study the way in which a tiling grows by the accretion of tiles along the 
edge of a patch is to specify rules by which the new tiles are affixed to the growing 
configuration. These rules can often be formulated as recurrence r lations. We will see 
that recurrence relations play a major role in the computation of the limits v(3) and 
e(,3), and in the existence of a third limit, the growth rate 2 of ,3. In Section 6 we show 
that the homogeneous type of a triangular tiling completely determines the geometric 
arrangement of tiles, and thus the recurrence relations pecifying how new tiles are 
attached to a patch. The situation for hyperbolic tilings by k-gons with k > 3 is more 
complex, and is discussed in Section 8. 
Fig. 1 shows that, as a tiling of E 2, [5,5,5,5] (or [54]) is not normal. But [54] exists as 
a regular and therefore normal tiling of H2; Fig. 2 is a depiction of the tiling in the 
Poincar6 disk. In this section we will extend Grtinbaum and Shephard's definition of 
balance to normal tilings of H 2. In Section 5 we show that, under this extension, the 
tiling [-54 ] is balanced. 
Our definition of a balanced tiling of H 2 differs from the Euclidean case only in the 
kind of patch of tiles from which we compute the ratios of number of vertices to tiles 
and number of edges to tiles. We define the patches combinatorially rather than 
metrically, and consider their growth in discrete steps, by the addition of successive 
rings of tiles, rather than through a continuous increase in the radius of the defining 
disk. Fig. 3 is a diagram of a patch from the tiling [--54]. In all such diagrams, we will let 
Co denote the starting point or initial configuration of a patch of tiles. (In Fig. 3, Co is 
a vertex, but it could also be a tile or an edge.) All the tiles which meet Co comprise its 
Fig. 2. [54] as a regular tiling of the Poincar6 disk. 
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Fig. 3. The third corona of a vertex of [54]. 
corona. We label the boundary of this first patch or corona Ca, and draw it as a circle 
in the diagram of Fig. 3. Similarly, the circle C2 forms the boundary of the second 
patch, which is the corona of the first, and C, forms the boundary of the nth patch. We 
will sometimes call the nth patch the nth corona of Co. 
Note. For homogeneous tilings, each patch constructed in this way is simply 
connected; there are no 'holes' to be filled in as there may be in the general case of the 
patch A(r,P) of Definition 2.2 [11 p. 195]. 
Because the homogeneity of tiling [54] determines the corona of a tile uniquely, this 
diagram, and thus the rule for adding tiles, are completely determined. For non- 
regular tilings by k-gons, k > 3, the homogeneous type may not be sufficient to specify 
the corona and the tiling uniquely. We will consider such cases in Sections 7 and 8. 
Definition 3.1. Given a diagram of a tiling 3 of H 2 by successive coronas with initial 
configuration Co, let vn be the number of vertices, en the number of edges, and tn the 
number of tiles in the patch bordered by Cn. Then ~ is balanced (with respect to Co) if 
it is normal and the limits 
v(~) = l im v./t. and ¢(.~) = lim e,,/t. 
n --~ oo n~oo 
exist and are finite. 
In Section 9 we will prove that, as in E 2, if a normal homogeneous tiling is balanced 
with respect o Co, then it is balanced with respect o any initial configuration. 
We will show that the existence of the limits v(.3) and e(5) is a direct result 
of the existence of another limit, which we call the growth rate 2 of a tiling, and 
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which measures how quickly a patch of a tiling grows by the accretion of annular 
layers: 
Definition 3.2. Given a diagram of a tiling 3 by successive coronas, t. the number of 
tiles in the patch bordered by C., then the 9rowth rate 2 of 3 is defined, 
2 = lim t.+l/t. 
n~ rx~ 
if this limit exists. 
An equivalent form of Gri inbaum and Shephard's Normality Lemma states that for 
any normal tiling of E 2, l ira..  ~ t.+ lit. = 1. Thus, the growth rate of a normal tiling of 
E 2 is always 1, and so provides a kind of norm against which we can measure 
a hyperbolic tiling's growth rate 2. In Sections 4-6, and 8 we show that if 2 exists, it is 
an algebraic number greater than 1 which depends on the tiling. 
4. Computation of 2 for tilings of type [pk] 
To compute the limits 2, v(.3), and e(.3), we need a fair amount of machinery. We first 
discuss the tiling [54] diagramed in Fig. 3 to illustrate the method of computation; the 
generalization to tilings of type [pk], p, k integers, lip + 1/k < ½, k/> 4, is straightfor- 
ward. (Tilings of type [pk], 1/p + 1/k < ½, have realizations as regular monohedral 
tilings of H 2. Regular monohedral tilings for which lip + 1/k = ½ are Euclidean; those 
for which lip + 1/k > ½ are spherical.) 
In order to compute the growth rate 2 of.3, we want to write t. as a function of n. 
One way to do this is by writing a recurrence for t. and finding the closed-form 
solution of the recurrence. However, determining a recurrence for t. is an ad hoc 
procedure and can demand a great deal of ingenuity. Even in those cases where a tiling 
is uniquely determined by homogeneous type, and so theoretically can be described by 
recurrences, discovering the recurrence for t. may be so difficult as to be impractical. 
For the tilings considered in this paper, we attack the problem by creating a system of 
recurrences using variables to count the different kinds of vertices on the circles C.. 
For example, for a tiling of homogeneous type [54]: 
Let 
b. denote the number of vertices on C. which are not connected to C. 1 
B. denote the number of vertices on C. which are connected to C._ 1. 
(So in Fig. 3, bl = 5, b2 = 15, b 3 = 55, B1 = 5, B 2 = 25, B 3 =- 95.) 
By inspecting the diagram we can determine the system of recurrences: 
b .=2b~ 1 +B.  1, 
B.=3b.  1+2B.  1. 
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Solving this system, we obtain the second order linear recurrence 
B, = 4B,_ 1 - B . _  2 .  
We can now complete the computation of t,. Because we are considering the 
growth of a tiling in discrete steps by coronas, we can compute t, by adding the 
number of tiles in successive annular ings: 
t. = ~ (tk -- tk-a). (1) 
k=l  
We note that for the tiling [54], the number (tk -- tk-1) of tiles in the annular ring 
between Ck and Ck- 1 is given by the number Bk of those vertices on Ck connected to 
a vertex on Ck-1: 
t. = ~ B k. 
k=l  
Since the recurrence B. = 4B._ a - B._ 2 has characteristic equation x2 - 4x + 1 = 0, 
the recurrence for t. has characteristic equation 1 
(X - -  1)(X 2 - -  4x + 1) = 0 
with largest root (2 + w/3). Thus the growth rate of the tiling [5 4] is given by 
2 = lim t.+l/t. = 2 + V/3 
n---* oo 
by a theorem of Perron. 
Theorem 4.1 (Milne-Thomson [193). Let u be a (non-trivial) solution of a homogene- 
ous recurrence relation with constant coefficients. Then 
lim u. + du. = )~i 
n---* oo 
where 2i is a root of the characteristic equation of the recurrence. 
Actually, Perron's proof, which Milne-Thomson reproduces in [19], establishes 
that for the recurrences described in this paper, the limit above is equal to 2, the root 
of largest magnitude. 
For the more complicated tilings discussed in Sections 6-8, our technique will 
follow the example computed here for tiling [54]. Using several variables, we will 
determine a system of recurrences that describe the numbers of different kinds of 
vertices on the circles Ck. We then solve the system to obtain a single linear recurrence 
for one of the variables. Because Eq. (i) holds for all diagrams of a tiling by successive 
1 Example 2-17, the use of the summing operator  1-15]. 
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coronas, the largest root of the characteristic polynomial of this recurrence will also be 
the largest root of the characteristic polynomial for t., and so by Perron's Theorem is 
the growth rate 2 of the tiling. (Tilings for which the characteristic polynomial does 
not have a unique root of largest magnitude are discussed in Section 6.) 
The results computed above are easily generalized to any topologically regular 
tiling [pk] by k-gons, p at each vertex for k ~> 4. (Triangular tilings of type [p3] are 
discussed in Lemma 6.1.) The recurrences become 
b, = (kp -  3p-  2k + 5)b,_l + (kp - 3p - 3k + 8)B._l 
B ,=(p -2)b ,  1 +(P -3)B , - I  
with solution 
B, = (kp - 2p - 2k + 2)B,_1 - B._2. 
Thus, the tiling [pk] has growth rate 
2 = (kp - 2p -  2k + 2) + x/ (kp - 2p -  2k + 2) 2 - 4 
(2) 
which is an irrational number greater than 1 when l ip  + 1/k < ½. 
The equation 1/p + 1/k -- ½ has two solutions corresponding to the Euclidean 
tilings [44], [63] and [36] .  In these cases, Eq. (2) gives 2 = 1, which agrees with 
Griinbaum and Shephard's Normality Lemma for the Euclidean plane. 
5. Balance of filings of type [pk] 
To determine whether a homogeneous tiling 3 of H 2 of type [vl, v2, ... ,vk] is 
balanced, we again use v., e., and t. to denote the number of vertices, edges, and tiles 
respectively in the patch bordered by C,. Let E. be the number of edges of the tiling on 
the border of the patch, that is, the number of edges of 3 that lie on C,. Each tile T e 3. 
has k edges, so k. t, counts each edge in the patch twice, except for the E. edges along 
its boundary. We have 
k-t. = 2e. -- E., 
which can be rewritten as 
e, k E. 
t~ = 2 + 2-~-." (3) 
Eq. (3) exhibits the difference between balance in E 2 and H 2. For normal tilings of E 2, 
it follows from the Normality Lemma 2.1 that l im,~E. /2 t ,  =0,  so that 
lim.~ ~ e,/t,  = k/2. 
Thus, any normal homogeneous tiling of E 2 is balanced. 
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In H 2, however, we have seen that the area of a disk grows as the first power of its 
circumference. The E. edges along the boundary of the patch in Fig. 3 comprise its 
circumference C., so it should not be surprising that, in H 2, lim.~ o0 E./2t .  is non-zero 
when it exists. 
Note: Our results are combinatorial in nature, and apply equally well to the tiling 
of H 2 depicted in Fig. 3, where C. is a hyperbolic ircle, as to the topologically 
equivalent monohedral form of the tiling shown in Fig. 2, where C. is the union of 
E. geodesic segments. 
For example, for the specific tiling [5a], we have k = 4, and t. = ~.= 1Bj. For [54], 
(B. + 1 - -  2B.) B. + B. + 1 
E.  = B.  + b. = B. + 
3 3 
So we have 
B. + B.+~ 
E./2t .  - 
6~3 = 1Bj 
To compute lim._+~o E./2t. ,  we use the theory of recurrences to write B. as a linear 
combination of nth powers of the roots 2 and 2-* of its characteristic equation: 
B. = ~2" + f12-". 
Then 
~2" +/~2-" + ~2" + 1 + /~2-"-1 
~. /2t .  = n n - - j  6Zj=1~2 j + 6•j=a//2 
~2"(2 - 1)(2 + 1) + o(2") 
6~2.+ a+ o(2") 
So 
lim E./2t.- 
62 n~oo 
(2 - 1)(2 + 1) 
= x/5/3 (2 = 2 + x/5 is the growth rate of 3). 
From Eq. (3) we then obtain e(3) = lim._~ oo e./t.  = 2 + xf3/3.  
Euler's Theorem for planar graphs applies to the patch of tiles bordered by C.: 
vn-e .+t . - -  1. 
From this we can compute that 
v(.B) = lim v./t. = lim e./t. - 1 = 1 + x/~/3 
n~oo n~oo 
to obtain that the tiling [54] is balanced in H 2. 
Note. The limits v(3) and e(.~) just computed for the tiling [54] are a global way of 
computing the average number of vertices and edges per tile in the tiling. For normal 
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balanced tilings of E 2, these averages can be computed locally with results which agree 
with the corresponding lobal definition. In H 2 however, this is not the case. From 
Fig. 3 we see that each tile of [5 4] has four vertices, each of which is shared with five 
other tiles for a local average of 4/5 vertex per tile. Similarly, each tile has four edges, 
each shared with another tile, giving a local average of 2 edges per tile. 
As with the computat ion of the growth rate 2, the computat ion of l im,~ ~ e,/t, and 
so the determination of balance for the class of tilings [pk], k ~> 4, is a straightforward 
generalization of this computation: 
Theorem 5.1. Any homogeneous tilin9 of H 2 of type [pk], 1/p + 1/k < 1/2, k >1 4, is 
balanced. 
Proof. For  tiling [pk] we have E, = B, + b. = (B, + B,+1)/(p - 2) 
B, = ct2" + f12-", 
2 = the largest root of the characteristic equation for B,, given by 
Eq. (2) in Section 4. 
Then 
E,/2t, = 
B, + B, + 1 
2(p -- 2 )~= 1Bj 
~2 n "~ f12 - n -t- ~2 n + 1 "t- /~2 - n - 1 
2(p )X J= 1 c~2j + 2(p - - -  2)2j= 1fix 
c~2"(2 - 1)(2 + 1) + 0(2") 
2(p - 2)c~2 "+1 + 0(2") 
So, 
(2 2 - 1) 
lira E,/2t, = 
,~  2(p - 2)2' 
Thus, 
k (2 2 - 1) 
lira e,/t, = ~ + 
.~  ~ 2(p  - 2 )2  
and tiling [pk] is balanced. 
Note. Recurrences can be used to describe the growth by coronas of the three 
regular Euclidean tilings [pk], 1/p + 1/k = 1, in the manner of this section. In these 
cases lim, o o~ E,/2t. = 0, agreeing with Gr i inbaum and Shephard's results, although 
the computat ions are somewhat different from those of Theorem 5.1. In these cases 
B, = (~ + fin)l"; the growth by layers is polynomial  rather than exponential. 
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6. Growth rates and balance for triangular tilings of H 2 
There are only eleven types of topologically inequivalent homogeneous tilings of 
E2: the eleven Laves nets 2 derived from the integer solutions of the equation 
k 
~, 1/v, = (k - 2)/2. 
i=1 
In H 2 however, the necessary condition for the existence of a homogeneous tiling 
[vl . . . .  , Vk] is the corresponding inequality 
k 
Z 1/Vi < (k - 2)/2. 
i=1 
This inequality has infinitely many solutions. (The regular tilings [pk], discussed in 
Sections 4 and 5, are the special case where each vl = p.) Unlike the situation in the 
Euclidean plane, the homogeneous type of a tiling is not always sufficient to specify 
a tiling up to topological equivalence in H2: there are infinitely many topologically 
inequivalent tilings of homogeneous type [4 3, 6] for example. Additionally, it is not 
completely known which symbols [va . . . . .  Vk] represent homogeneous tilings of H 2. 
However, all possible types of homogeneous tilings for the cases k -- 3 and k = 4 are 
given in [11]. We will restrict he tilings considered in this paper to the regular tilings 
discussed in Sections 4 and 5 together with all triangular tilings and some quadri- 
lateral tilings of H z. We have the following: 
Theorem 6.1. All homogeneous triangular tilings of H 2 are balanced with the exception 
of tilings of type [4, 2m, 2p], m ~ p. 
To prove this theorem we apply the techniques introduced in Sections 4and 5 to the 
three infinite families of homogeneous types of tilings by triangles [.p, q, r], enumerated 
by Griinbaum and Shephard: 
(i) p = q = r, 
(ii) p is odd, q = r is even, 
(iii) p, q, r are all even. 
The proof of the theorem is contained in the following four lemmas, which discuss 
cases (i)-(iii) balanced, and (iii) not balanced, respectively. 
Lemma 6.1. All triangular tilings of H 2 of  type [p, q, r], p : q = r, are balanced. 
Proof. This is the special case of [pk] for k = 3. For such tilings p ~> 7. The tiling [73], 
representative of type [_pk], is diagramed in Fig. 4. For these tilings we define b, and 
2Ref. 1-11, p. 96]. 
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Fig. 4. The third corona of a vertex of [73]. 
B, differently than  in Section 4: 
b, = the number  of vertices on C, connected to 1 vertex on C._ 1, 
B, = the number  of vertices on C, connected to 2 vertices on C, 1 
Genera l i z ing from the d iagram in Fig. 4, we have the recurrences: 
b. = (p - 5)b._ 1 + (P - 6)B._ 1, 
B. = b . _ l  + B._I. 
This system has as so lut ion the l inear recurrence: 
y. = (p - 4)y._ 1 - Y . -2 ,  
which is satisfied by each of the var iables b, B. 
The associated character ist ic po lynomia l  x z - (p - 4)x + 1 has largest root  
2 = (p - 4) + x/(P - 4) 2 - -  4 
2 , p~>7.  
Because the number  tk -- tk- 1 of tiles between rings Ck and Ck 1 is given by 
tk  - -  tk-1 = bk q- Bk q- bk-1 q- Bk -1 ,  
( tk  - -  tk -1 )  also satisfies the recurrence in Eq. (4). 
Thus,  t. -- ~= 1 tk - -  tk-1 has character ist ic po lynomia l  
(x -- 1)(x 2 -- (p -- 4)x + 1). 
Again by Perron 's  Theorem,  
l im t.+ l / t .  = 2. 
n ---~ oo  
163 
(4) 
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We now show that the existence of 2 is sufficient for the tiling to be balanced. Recall 
from Section 5 that to establish a tiling is balanced, we show that limn-~ 0o E,/2t, exists, 
where En is the number of edges of the tiling along the boundary Cn of the patch of 
tiles. 
For any tiling of type [p3], 
En = bn + Bn = (Bn + 1-Bn) -~- Bn = Bn + 1, 
tk - -  tk -  1 = Bk + 1 -[- Bk" 
Writing Bn = c~2 n+/~2-" as in Section 5, we have 
En ~2 n + 1 +/~2 - n-- 1 
2t, 2Z ~ = 1 (~,~k + 1 q_ f12 - k - l _1_ C~,~k -t- fl,~ - k )  
c~2n+ x(2 -- 1) + o(2 n) 
2~2n+1(2 + 1) + 0(2") 
Thus, limn~ o~ En/2rn = (2 - 1)/[2(2 + 1)]. 
From Eq. (3), Section 5, e(3)= limn~o~ en/r, = ~ + (2 -  1)/[2(2 + 1)] and so the 
tiling [-p3] is balanced. 
Lemma 6.2. All triangular tilings of H 2 of  type [p, q, r], p odd, q = r even, are balanced. 
Proof. The specific tiling [9, 8, 8], representative of type (ii) for p/> 7, is diagramed in 
Fig. 5. (Because the diagram is symmetric, we draw only one of the eight equivalent 
Fig. 5. A sector of the fourth corona of a tiling of type [9, 8, 8]. The circled vertices are of degree 9. 
J.F. Moran/Discrete Mathematics 173 (1997) 151-186 165 
sectors.) Since there are vertices of two degree types in the tiling, we use four variables: 
b. = the number of vertices of degree q on C. connected to 1 vertex on C. 1, 
B. = the number of vertices of degree q on C. connected to 2 vertices on C. 2, 
r. = the number of vertices of degree p on C. connected to 1 vertex on C. 1, 
R. = the number of vertices of degree p on C. connected to 2 vertices on C._ 2. 
Note .  The specific values of b., B., r., and R. depend on the initial configuration 
Co. However, the recurrences relating these variables, and therefore the growth rate of 
the tiling, are independent of the initial configuration. This is Theorem 9.1 proved in 
Section 9. 
Generalizing from the diagram in Fig. 5, we can determine the recurrences: 
B .=2r .  1 +2R. -1 ,  
Bn + Rn = bn 1 + B . -  I + rn-1 + Rn-1 ,  
b.+r .=(q-5)b .  1 +(q -6)B . - ,  +(p -5) r . _ l  +(P - -6 )R . -1 ,  
R. = (p - 4)r._ 2 + (P - 5)R._ 2. 
This system has as solution the fourth-order linear recurrence: 
y .  =- Qy . -1  + [2PQ - 2 ]y . -2  + Qy . -3  - y . -4 ,  (5) 
whereP  p -4  q -4  
= 2 ,Q= 2 , 
which is satisfied by each of the variables B, b, r, and R. 
The associated characteristic polynomial 
x ~ - Qx  3 - [2PQ -- 2 Ix  2 - Qx + 1 
has four roots: 
Q + x/~ -+ x/(Q + x/-s) 2 -  16 Q-  ~ + x f (Q-  x/s)  z -  16 
4 ' 4 ' 
where S = Q[Q + 8P]. 
Because the number tk - tk -1  of tiles between rings Ck and Ck 1 is given by 
tk -- tk- l = bk + rk + Bk + Rk + bk-  i + rk 1 + Bk 1 + Rk-1 ,  (6) 
(tk -- tk -1)  also satisfies the fourth order recurrence in Eq. (5). 
Thus, the characteristic polynomial of the recurrence for t, is 
(x - l)(x 4 - Qx 3 - [2PQ - 2Ix 2 - Qx + 1). 
Again using Perron's Theorem, 
lira tn+ ~/t. = 2, 
where )~ is the largest root of the characteristic polynomial for t.. 
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Note .  The diagram and system of recurrences for tilings of type [5, q, q] differ 
slightly from those for tilings [p, q, q], p >t 7, but the characteristic polynomial  for the 
solution of the system for [5, q, q]: 
x 4 --  Qx  3 - (Q - 2)x 2 - Qx q- 1 
is the special case of the polynomial  for [p, q, q] when p = 5 (and so P = ½). 
The diagram and system of recurrences for tilings of type [3, q, q], q even, constitute 
a separate case. (Fig. 6). We define: 
b, = the number  of vertices of degree q on C, connected to one vertex on C,_ 1, 
B. = the number  of vertices of degree q on C. connected to two vertices on C,_ 1. 
(Since we can compute E. and t, using only the variables b. and B,, we do not need to 
introduce another variable corresponding to vertices of degree 3.) 
We again set Q = (q - 4)/2, and obtain the recurrences: 
b. =(Q-3)b ._~ +(Q-4)B ,_a ,  
B.  = b . -  1 "-}- B .  _ , .  
With solution 
B.  = (Q  - 2 )B ._  1 - B . _  2 
and characteristic polynomial  
x 2 - (Q - 2)x + 1. 
Fig. 6. A sector of the first three coronas of the tiling [3, 14, 14]. 
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Since, 
tk - -  tk 1 = 2bk  d- 2Bk  + 4bk-  1 -+- 4Bk-  1, 
we obtain 
(X - -  1)(X 2 - -  (Q  - -  2 )X  + 1) 
as the characterist ic po lynomial  for t,. 
Thus for til ings I-3, q, q], since Q = (q - 4)/2 ~> 5, the growth rate 2 is the larger of 
the two roots of the polynomial  x2 - (Q - 2)x + 1. 
In those cases for which p ~> 5, the existence of a growth rate for a til ing of type 
[p ,q ,  q]  is equivalent o the existence of a unique root  of largest magnitude for the 
characterist ic po lynomial  for the recurrence for y, given in Eq. (5). Fig. 7 is a phase 
d iagram showing the nature of the roots of the characterist ic po lynomial  for til ings of 
11 
two positive real reciprocal roots 
two negative r al reciprocal roots of magnitude 
less than the larger positive root 
two positive r al reciprocal roots 
two complex roots of  magnitude I 
two positive real reciprocal roots 
3 4 5 7 8 9 10 
q/2 
~/  two positive real reciprocal roots; two repeated roots of - l 
Itllll noo-hy rbo,ic 
Fig. 7. Phase diagram for roots of the characteristic polynomial x 4 - Qx 3 - [2PQ - 2]x 2 - Qx + 1, for 
tilings of type [p, q, q], q even, p ~> 5. 
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type [p, q, q] determined by different values of the parameters p, q. In all cases the 
polynomial has a unique positive root of largest magnitude. 
Hence for all triangular tilings of type (ii), the growth rate 2 exists. 
We now show that the existence of 2 is sufficient for the tiling to be balanced. We 
present the computation for tilings [p, q, q], q even, p ~> 7. A slight variation yields the 
same value for e(,~) when p = 5. 
We write E. = b, + r, + B. + R,. The important consideration is that each of the 
variables b,, r,, B., R, satisfies the same fourth-order linear recurrence. Thus, each can 
be written as a linear combination of nth powers of the four roots 21, 22, 23, 24 of the 
corresponding characteristic polynomial, where 21 = 2, the root of largest magnitude. 
After simplification we can then write 
E, = ~2] + fl2"2 + ])2~ + 62~. 
From Eqs. (6) and (7), 
So, 
(7) 
tk -- tk - I  = ~(1 + A; 1)2~ + fl(1 + 22 1)2k + ])(1 -[- 2 3 1)2~ "-[- 6(1 -[- 24 1)2k. 
E, ~2] +/32~ + ])2~ + 62] 
2 " 2t, Xk=x~(1 + 21-1)2] +/~(1 + 2;1)2~ +])(1 + 2;1)2~ +6(1 +241)2] 
~](21  -- 1 )+ 0(2]) 
=2~(1 "J-211)2] +1 "-[-O(2])" 
Thus, 
E. 
lim 
~(21 - 1) 
2~(I + 211)21 
(21 - 1) 
2(21 + 1) 
Hence, l im,~e, / t ,=~+(21-  1)/[2(21 + 1)] and [p ,q ,q ]  is balanced for p >~7, 
q even. 
A slightly different but similar calculation establishes that for tilings of type 
[3, 2m, 2m]: 
e(~) = lim --e" = 3 
,~t ,  2 + - -  
(21 - 1) 
2(21 + 2)" 
Thus, such tilings are balanced, completing the proof of Lemma 6.2. 
Note.  From the phase diagram in Fig. 7, we see there is one case, tilings 
of type [7,6,6], where the characteristic polynomial has a repeated root of -1 .  
Eq. (7) becomes E, = ~2] + f12~ + (]) + 6n)( - 1)" in this case. However, since the 
characteristic polynomial for [7,6, 6] has a unique root 21 > 1, the computation of 
lim,~ ~ E, /2 t .  is not affected by these changes in the algebraic expression for E,. 
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Lemma 6.3. All triangular tilings of  H 2 of  type [p, q, r], p <.% q ~ r, p, q,r even p ~ 4, are 
balanced. 
Proof. We will consider the most general case where p < q < r, represented by the tiling 
[6, 8, 10] of Fig. 8. Here we have vertices of three degree types, requiring six variables: 
b. = the number of vertices of degree r on C. connected to 1 vertex on C. 1, 
B. = the number of vertices of degree r on C. connected to 2 vertices on C._ 1, 
r. = the number of vertices of degree q on C. connected to 1 vertex on C. 1, 
R. = the number of vertices of degree q on C. connected to 2 vertices on C. 1, 
g. = the number of vertices of degree p on C. connected to 1 vertex on C._ 1, 
G. = the number of vertices of degree p on C. connected to 2 vertices on C. 1, 
and six linear recurrences: 
B. = (r - 4)b._ 2 + (r - 5)B._ 2, 
( r -6 )b .  ~@ 2 6) g . -  1 + ~P~7)  G. - 1, r . -  2 1+ B ._ I+r . _ I+R.  I+(P~ 
R .=(q-4) r .  2+(q-5)R . - : ,  
( r -  6)b._ 1 ~7)  (q -6 )  (q_~2 7 ) 
g .= 2 + B ._1+- -2  r. 1 + R ._ I  +g . -1  +G.  1, 
G. = (p - 4)g._ 2 + (P - 5)G._ 2.  
Fig. 8. A sector of the first four coronas of the tiling [-6.8, 10]. 
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This system of recurrences can be solved using generating functions. We obtain the 
sixth-order linear recurrence 
y. = (PQ + PR + QR - 3)y._ 2 + (2PQR)y ._  3 
+ (PQ + PR + QR - 3)y,_ 4 - Y , -6  
satisfied by each of the variables b, B, r, R, g, G. (We have made the substitutions 
P = (p - 4)/2, Q = (q - 4)/2, R = (r - 4)/2 for algebraic simplification.) The corres- 
ponding characteristic polynomial is 
x 6 - -  (PQ + PR + QR - 3)x  4 - -  (2PQR)x  3 - (PO + PR + QR --  3)x 2 Jr 1. 
Since, as in the previous lemma, we can again write 
tk -- tk -1  = bk Jr rk -}- gk q- Bk 4- R k q- G k 4- b k_ l 4- r k_ l 
Jr- gk -1  "[- Bk -1  "k- Rk -  1 "k- Gk-1 ,  
we obtain 
(x - 1)(x 6 - (PQ + PR + QR - 3)x 4 - (2PQR)x  3 
-- (PQ + PR + QR - 3)x 2 + l) 
as the characteristic polynomial for the recurrence for t,. 
As in Lemma 6.2, we need to determine that the characteristic polynomial has 
a unique root of largest magnitude for all allowable values of the parameters p, q, r. 
Figs. 9 and 10 are the phase diagrams for roots of the characteristic polynomial for 
tilings of types [6, q, r] and [8, q, r], q ~< r. For p > 8, the phase diagrams are like the 
one in Fig. 10 for [8,q, r]. 
Thus for all filings [p, q, r], 6 ~< p ~< q ~< r, p, q, r even, the growth rate 2 exists and is 
equal to the unique real root of largest magnitude of the associated characteristic 
polynomial. 
The proof that all such filings are balanced uses an argument similar to that of 
Lemma 6.2. The polynomial here has six roots rather than four, but the computation 
of lim._~ o~ E . /2 t .  is not affected by the additional roots, since the asymptotic behavior 
of both E. and t. is determined by the unique root 21 of largest modulus. We again 
obtain 
E.  (21 - 1) 
lim 
.-.00 2t. 2(21 + 1)' 
SO 
lim e, 3 (21 - 1) 
,-~ o~ 2t, - 2 + 2(21 + 1)" 
Note.  The phase diagram in Fig. 9 exhibits one tiling, [6,6,10] with a repeated root, 
again -1 .  The note following Lemma 6.2 applies to this case as well. 
Thus all tilings of type [p, q, r], 6 ~< p ~< q ~< r, p, q, r even, are balanced. 
J.F. Moran / Discrete Mathematics 173 (1997) 151 - 186 171 
2 positive w.,a.I reciprocal roots 
2 negative real reciprocal roots of ab. ~ 
less than the larger positive root 
2 complex roots of magnitude 
6 8 10 12 14 16 18 20 
q 
N~2 positive real reciprocal roots 
2 negatwe real reciprocal roots of absolute value less than the larger positive root 
. 2 positive real reciprocal roots 
" 2 complex roots of magnitude 1
~ 2 positive real rectprooal roots 2 repeated roots of - I 
Fig. 9. The phase d iagram for roots of the characterist ic polynomial  for ti l ings of type [6, q, r]. 
In the cases we have considered, the balance of a tiling depends on its associated 
characteristic polynomial having a unique real root of largest magnitude. Lemma 6.4 
treats the only family of homogeneous triangular tilings which are not balanced. 
Unsurprisingly, their characteristic polynomials have two roots of largest magnitude. 
For these tilings the growth rate does not exist; the sequence {t,+l/t,} oscillates 
between two accumulation points as n --* oc. 
Lemma 6.4. Triangular tilings of  H 2 o f  type [4, q,r], 4 < q < r, q, r even, are not 
balanced. 
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20 
18 
16 
14 
12 
lO 
2 positive real reciprocal roots 
4 negative roots, reciprocal in pmrs 
all of absoiute value tess than .
largest positive root 
8 10 12 t4 16 18 20 
q 
2 positive real reciprocal roots 
2 negative r al reciprocal roots of absolute value less than the larger positive root 
: 2 positive real reciprocal roots 
Fig. 10. Phase diagram for roots of the characteristic polynomial for tilings of type [8,q,r]. 
Proof. The til ing of type [4, 8, 10] in Fig. 11 is representative of til ings of type [4, q, r]. 
q ~ r, q ~> 8. We define the variables b., r. ,  B., R. ,  as follows: 
b. = the number  of vertices of degree r on C. connected to 1 vertex on C._ 1, 
B. = the number  of vertices of degree r on C. connected to 3 vertices on C._ 1, 
r. = the number of vertices of degree q on C. connected to 1 vertex on C._ 1, 
R.  = the number  of vertices of degree q on C. connected to 3 vertices on C._ 1. 
(Since we can compute E. and t. using only the variables b., B., r . ,  and R. ,  we do not 
need to introduce another variable corresponding to vertices of degree 4.) We have the 
system of recurrences: 
(q - 6) (q -S )  
b. = ~ r .  1 +~R, , -1 ,  
B. = rn-1 q- Rn-1,  
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Fig. 11. A sector of the first five coronas of the tiling [4, 8, 10]. 
173 
(r-- 6 )  
r. - 2 bn_ l + Bn_ l,  
R,  = b ._  1 -[- B ,  1. 
This system has as solution the fourth-order linear recurrence: 
y .  = (QR - 2)y.-2 - Y.-4 where again Q = (q - 4)/2, R = (r - 4)/2, 
which is satisfied by each of the variables B, b, r, and R. 
The associated characteristic equation 
x 4 - (QR - 2)x 2 + 1 = 0 
is even and thus has two roots, _+ 21, of largest magnitude (x /~ + , ~  - 4)/2. 
(Because QR ~> 5 for all allowable values of the integers Q, R, the roots _+ 21 are 
irrational.) 
Note .  The diagram and system of recurrences for tilings of type [4,6, r] differ 
slightly from those for tilings [-4, q, r] q ¢ 6, but the characteristic polynomial  for the 
solution of the system for [-4, 6, r]: 
x4_ ( r -8 )  x2+ 12 
2 
is the special case of the polynomial  for [4, q, r] when q = 6. 
Since 
tk -- ~k 1 = 2(bk q- rk d- Bk + Rk + bk-1  + rk 1 -+- Bk -1  + Rk 1), 
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the characteristic polynomial  for t. is 
(x - 1)(x 4 - (QR - 2)x 2 + 1). 
As in Eq. (7), Lemma 6.2, we can write 
E, = ~2] + fl( - 21)" + y2~ + 6( - 22)". 
Using the initial conditions 
Eo = O, E1 = r, E2 = rQ, E3 = r (QR - 1) 
il lustrated in Fig. 11, we can determine that ? =-  ~, 6 =-  ft. (These initial 
conditions are, of course, dependent on the initial configuration Co, a vertex of 
degree r in Fig. 11. In Section 9 we prove that the recurrences for a diagram are 
independent of its initial configuration.) 
Thus, we have different expressions for E. on alternate C.: 
E2.  = (~ + t~),h ~" - (~ + ~),~" 
E2.+,  = (~ - B ) ,~P  + '  - (~ - /~) ,~"+'  
Because tk -- tk -  1 = Ek + Ek -  1, we have different expressions for t2, and tzn+ 1, which 
result in the oscillation of the sequence {t.+,/t,} between the two values 
lim t2n+,/t2n = 2,k, lim t2n/t2n_ 1 = ~,, 1/k, (8) 
n~ot~ n--*  oo 
where 0 < k < 1 is given by 
~(21 -4- 1)  2 - -  f l (21  - -  1) 2 
k = e(21 + 1) 2 + fl(,~l - 1) 2 (9) 
The two limits in (8) above are equal if and only if k = 1, which, by (9), implies fl = 0. 
This corresponds to the case [4, q, r], q = r, which is balanced. 
Thus, the growth rate for tilings [-4, q, r] q # r, does not exist. 
Since we have different expressions for E2n and E2n + 1, and the growth rate 2 does 
not exist, it is not surprising that the expression E, /2 t .  oscillates so that 
E2.  + 1 (~ - f l)(, l~ - 1) 
lim 2t.+~ - 2(~ - fl)(2~ + 1) + 421(~ + fl) n --~ oo 
and 
lim 2t2. = 2(~ + fl)(22 + 1) + 421(~ - fl)" 
n~oo 
As in the computat ion of the growth rate, these two limits are equal only under the 
condition fl = 0, which corresponds to the special case q = r. 
Therefore, in general, l im.~ o~ e . / t .  does not exist, and the tilings [4, q, r], q # r, are 
not balanced. 
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7. Comparison of properties of balanced tilings in E 2 and H 2 
In Section 1, we mentioned that the definition of the growth rate 2 was motivated by 
tiling considerations, and is different from the growth rate of the edge graph of a tiling. 
Actually, in the special case of a triangular tiling, the growth rate 2 of a tiling .3 and the 
growth rate of its associated edge graph coincide, because for such simple tilings, the 
vertices on C, are the vertices at graph distance n from Co. Thus, counting the number 
of vertices in successive coronas is equivalent to counting the number of vertices at 
graph distance n from Co for successive n. However, once the tiles are no longer 
triangles, the graph distance of a vertex measured from some initial configuration does 
not, in general, coincide with the number of the concentric ring C, on which the vertex 
lies. The growth rate of the edge graph then has no practical application as a measure 
of the rate at which the tiling grows by coronas. 
Another feature of our definition of the growth rate of a tiling is its use as a measure 
of the rate of growth of the tiling's dual: 
Theorem 7.1. I f  ~ is a normal homogeneous tiling of H 2 with growth rate 2, then the 
dual tiling ` 3* has the same growth rate 2 as ` 3. 
Proof. Let ` 3 be a normal homogeneous tiling of H 2 with growth rate 2. Then the 
proof of Theorem 4.2.2, Grfinbaum and Shephard [11], can be adapted to establish 
that .3 has a dually situated normal tiling 3*. (In the proof of 4.2.2, the number of 
adjacents of any tile in ` 3 is bounded above by k, if`3 is of type [vl, rE, . . . ,  Vk].) Let S be 
a system of recurrences relating the number of vertices on C, to the number on 
previous Ci, so that S determines the growth rate 2 of,~. The growth of the dual tiling 
can be described by the same recurrences as those in S which described the numbers of 
vertices in successive coronas of the original tiling ` 3, but these recurrences now apply 
to types of tiles of ` 3* rather than to kinds of vertices of ` 3. Thus for 3*, we also have 
lira tn+ l /tn = )L. 
In Theorem 5.1 and Lemmas 6.2 and 6.3, we established that l im, .  oo E,/t,  exists for 
various families of tilings by actually computing the value of this limit. But in fact, for 
tilings which can be described by a system of recurrences, the existence of 2 implies 
the existence of lim,~oo E./t.. This is because ach of the variables b,, B., r,, R,, ... 
used to count the number of different kinds of vertices on C, satisfies the recurrence 
that defines 2. Thus each of these variables can be written as a linear combination of 
nth powers of the roots of the associated characteristic polynomial, and so, after 
simplification, can E.: 
E, = b, + B, + r, + R, + . . . .  ct2" + o(2") for some constant ~. 
Similarly, we compute tk -- tk- 1 as a linear combination of bk, Bk, rk, Rk .... and obtain 
tk - -  tk -1  = f l  2k  -~- ( I ' ) ,  
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where F is a combination of kth and possibly lower powers of the other roots of the 
characteristic polynomial. Then 
~(,l"+1 _ ,~) 
t .  = (tk - tk -  1) = ~ + o(,~"), 
k = 1 (2  - 1) 
SO 
E.  c~,~"(,l - 1) + o(2") 
t .  /~,~" + ~ + o(2" )  
Hence l im, .~ E,/t, = [c~(2 - 1)]/f12 and it follows that the tiling is balanced. 
Grtinbaum and Shephard prove in [11], Theorem 4.2.3. 
Theorem 7.2 (Griinbaum and Shephard [-11]). I f  ~ is a normal balanced tilin9 of E z, 
then ~ has a normal balanced ual. 
Since we have not established that the existence of 2 is necessary to the balance of 
a tiling, we combine Theorem 7.1 and the remarks following it to obtain the analogous 
but somewhat weaker esult for H2: 
Theorem 7.3. I f  ~ is a normal balanced homogeneous tilin9 of H 2 with 9rowth rate 2, 
then ~ has a normal balanced ual. 
However, with respect to the property of isohedrality, balanced tilings of E 2 
and H 2 differ markedly. 
Definition 7.1. A tiling .3 (of g 2 or  H 2) is isohedral if the symmetry group of ~ is 
transitive on its tiles. 
The results for E 2 are  established by Grfinbaum and Shephard in [11]. In 
particular, they prove: 
(i) Every normal homogeneous tiling of E z is balanced. 
(ii) Every isohedral tiling of E 2 is balanced. 
These results do not hold in H 2. The most symmetric tiling of type [4, q, r] in H 2 is 
isohedral; its symmetry group is generated by reflections in the geodesics forming the 
sides of the tiles. It is also certainly normal, since its tiles are all congruent. However, 
we have seen in Section 6 that when q ~ r, such tilings are not balanced. Thus 
isohedrality does not imply balance in H 2. 
In fact, in H 2, not only is homogeneity of a tiling an insufficient condition for 
balance; within a single homogeneous type it is possible to have both balanced and 
non-balanced tilings. As an example, we consider tilings of type [4 3, 6]. Using the 
incidence symbols developed by Griinbaum and Shephard in [9] we can determine 
that there are exactly two different coronas for a tile from a type [4 3, 6] tiling. (In the 
diagrams in Fig. 12, the larger vertices represent those of degree 6.) 
J.F. Moran~Discrete Mathematics 173 (1997) 151-186 177 
% 
Corona type 1 Corona type 2 
Fig. 12. The two possible coronas for a tiling of type [43,6]. 
Fig. 13, A sector of the first four coronas of a tiling of type [43,6], all coronas of type 1. 
Fig. 13 is a diagram of a tiling all of whose tiles have type 1 coronas; in Fig. 14, all 
the tiles have coronas of type 2. Throughout  his section we will let 
b. = the number  of vertices of degree 4 on C. connected to no vertices on Cn- 1, 
B. = the number  of vertices of degree 4 on C. connected to one vertex on C. 1, 
r. = the number  of vertices of degree 6 on C. connected to no vertices on C. 1, 
R. = the number  of vertices of degree 6 on C. connected to one vertex on C._ t. 
For all tilings of homogeneous type [43, 6] we have the recurrences: 
b. + r. = b._ 1 + 3r._ 1 -}- 2R._ 1, (RI) 
B. + R. = 2b._1 + B._I + 4r._1 + 3R._1. (R2) 
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Fig. 14. A sector of a ti l ing of type [43, 6], all tiles with coronas of type 2. 
For  the tiling in Fig. 13 we have the additional recurrences: 
r. = b. -  1, (R3) 
R. = 4r._ 2 + 3R._ 2, (R4) 
The solution to this system has even characteristic polynomial: 
X 4 - -  6X 2 4- 1. 
The proof  that l im,~oot,+l / t ,  does not exist, and the tiling is not balanced, is 
analogous to that given in Lemma 6.4 for the tilings [4, q, r]. 
The tiling in Fig. 14, all of whose coronas are of type 2, has recurrences (R1) and 
(R2) together with: 
r. = 3r._ 4 + 2R.-4,  (R3') 
R. = 2r._ 2 + R._ 2 + ~. -2  + 3r._ 3 + 2R._ 3, (R4') 
R. - ~._ 2 = b._ a - 3r._ a - 2R._ 3 + 2r._ 4 + 2Rn-4 - ~ . -4  
+ 2R._ 6 + 3r._ 6, (R5') 
where the additional variable ~. is defined: 
~. = the number of vertices of degree 6 on C. connected to one vertex on 
C.-1 and two vertices of degree 6 on C.+2. (Such vertices are circled 
in Fig. 14.) 
The solution to this system has characteristic polynomial 
X 6 - -  4x 4 - -  2x  3 - 4x 2 + 1 . 
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This polynomial has a unique root of largest magnitude, so the growth rate 2 exists, 
and the proof that the tiling is balanced is analogous to those give in Lemmas 6.2 
and 6.3. Thus in H 2, even within a given homogeneous type, we have both balanced 
and non-balanced tilings. 
If we combine tiles of the two different corona types in the same tiling, we create 
a tiling which clearly is not isohedral. Infinitely many topologically distinct non- 
isohedral tilings of type [43, 6] are possible. We will discuss two examples in the next 
section, when we examine the relationship between the symmetry of a tiling and the 
symmetry of its characteristic polynomial. 
8. The symmetry of a tiling and the symmetry of its characteristic polynomial 
If 3 is a tiling of E 2 or  H 2 for which all tiles have congruent first coronas, then .3 is 
isohedral. [4, 213. Thus all the tilings we have considered so far are isohedral in their 
most symmetric form. The characteristic polynomial associated with each such tiling 
exhibits a notable symmetry. 
Definition 8.1. A polynomial a,x" + a,_ 1Xn-  1 + a,_ 2x"- 2 4- . . .  4- a2x2 .or. a lX1 4- ao 
is palindromic if a, ~ 0 and 
a._ k = ak for k = 0, 1, 2 . . . . .  n/2, n even; 
a , -k= - -ak fo rk=0,1 ,2  . . . .  , (n -1 ) /2 ,  nodd. 
In this section we will examine the relationship between the symmetry of a tiling and 
the symmetry of its characteristic polynomial. In particular, we will use a theorem of 
Floyd to show that tilings which are 'essentially' isohedral have palindromic harac- 
teristic polynomials. 
To motivate the definition of'essentially isohedral', we first distinguish between two 
different ways in which tilings may fail to be isohedral. Figs. 15 and 16 depict two 
topologically distinct non-isohedral tilings of type I-43,6] whose growth is regular 
enough to be specified by recurrences. Tiles with each type corona are designated in
both figures. 
In Fig. 15, the addition of tiles to the successive boundaries C. is not determined by 
rules encoded in the corona, but instead is determined by rules for affixing vertices on 
the successive Ci. These rules result in the additional recurrences: 
r, = 3r, 2, (R3") 
R. = b.-1 - 3r.-2 + 2R.-2 + 4r.-2. (R4") 
The solution to the system R1, R2, R3", R4". has the non-palindromic characteristic 
polynomial: 
6x 5 - 12x  4 - 5x  3 + 7x  2 + x - -  1 = (3x 2 - 1 ) (2x  3 - 4x  2 - x + 1). 
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Fig. 15. Non-isohedral tiling of type [43, 6]. 
Fig. 16. An essentialy isohedral tiling of type [43, 6]. All unmarked tiles have type 1 coronas. 
The number of tiles of type 1 and the number of type 2 tiles in successive rings satisfy 
the corresponding fifth-order linear recurrence: 
Y, = Y,-1 + 7y, -2 -- 5y, -3 -- 12y,-4 + 6y,-5.  
Thus, the growth rates of both type 1 and type 2 tiles are equal to 2, the growth rate of 
the tiling. 
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By contrast, the tiling in Fig. 16 has been obtained from the isohedral tiling of type 
1 tiles in Fig. 13 by adding a 'linear fault': an infinite strip of type 2 tiles. The additional 
recurrences differ from R3, R4, for Fig. 13 only in a constant erm: 
r ,=b.  1-2  n~>3 (RY") 
R, = 4r,_ 2 -~ 3R, 2 + 2 n ~> 3 (R4"') 
This means that the solution to the system {R1, R2, R3"', R4"'} has the same 
characteristic polynomial as the system {R1, R2, R3, R4} with the addition of a factor 
of (x - 1): 
(X -- l)(x 4 -- 6X 2 + 1). 
The number of type 1 tiles in successive annular rings satisfies the same fourth-order 
recurrence: 
y, = 6y, 2 - -  Yn  4- 
satisfied by b,, B,, r,, and R,. However, if T, denotes the number of type 2 tiles within 
C,, then 
T ,+ I=T,+4 forn1>3. 
Thus, 
lira T,+ 1/T, -- 1. 
n -~ c( 
Definition 8.2. Let .~ = 31 t..d3 2 be a tiling of H 2 such that all tiles in the infinite family 
31 have congruent first coronas, and all tiles in the family 32 have coronas not 
congruent to the coronas of tiles in 31. Let T. be the number of tiles from 32 in the 
patch bordered by C.. We call the tiling 3 essentially isohedral if 
Tn+ 1 
lim ~-  ~< 1. 
Thus the tiling of Fig. 16 is essentialy isohedral, the filings of Figs. 13 and 14 are 
isohedral, (and also essentially isohedral with ~"~2 = q~), and the tiling of Fig. 15 is 
neither isohedral nor essentially isohedral. 
Mohar [-20] defines an invariant of an infinite graph as 'essential' if it is unaffected 
by the addition or deletion of finitely many edges from the graph. We describe our 
growth rate as essential, or robust, since even the addition of infinitely many tiles of 
a different corona type does not affect he existence or the value of 2 as long as the rate 
of growth of the the exceptional tiles is less than or equal to 1. 
In [5], Floyd examines the growth funct ionfof  any cocompact, discrete group G 
of isometries of E 2 or H 2. Earlier work on growth functions of groups used as a 
generating set for G the set of edge-pairing elements for a Dirichlet domain D. Floyd 
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considers instead the full geometric generating set for (G, D): 
{9eG: 9 ¢ 1 and 9DnD ~ (9}. 
If we consider D as the prototile of a tiling 3, then D together with its images under the 
full generating set constitute what we have called the first corona of D. Floyd's growth 
function f is defined as the series 
f(z) = ~ s.z", 
n=0 
where s, is the number of elements of G of word norm n. As illustration, the diagram in 
Fig. 17 is a second representation f the triangular tiling [3,14,14] of Fig. 6, this time 
with a tile as the initial configuration Co rather than a vertex. For such a diagram, 
s, counts the number of tiles in the annulus between C, and C,_ 1 - -  what we have 
denoted (t, - t,_ 1). (Our diagrams have had a vertex as initial configuration, but in 
Section 9 we establish that the recurrences for our tilings are independent of the 
configuration at the center of the diagram.) 
Thus Floyd's f(z) is the generating function for our sequence {t. - t,_ 1}. Cannon 
[3] showed that the growth function f is a rational function: f(z) = P(z)/Q(z), so the 
characteristic polynomial for the recurrence for t, is (x - 1)Q(x). (See footnote 1.) In 
the main Theorem of [5], Floyd proves that the growth function f of a cocompact 
discrete group of isometrics has a denominator which is a reciprocal polynomial. 
Floyd defines a reciprocal growth function as one for which f(z)=f(1/z). This is 
obviously not what he means by saying that the denominator polynomial Q(x) is 
reciprocal. His denominator polynomials are all of even degree and satisfy the 
definition given by Barbeau in [1] of a reciprocal polynomial as one in which 'the 
coefficients are symmetric about the middle one'. Thus, what we have called a palin- 
dromic polynomial of even degree, Barbeau (and Floyd) call reciprocal, and our 
palindromic polynomials of odd degree are of the form (x - 1)R(x) where R(x) is 
a palindromic (and reciprocal) polynomial of even degree. 
Fig. 17. The first two coronas of the tiling I-3,14,14], initial configuration a tile, T. 
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Although our results are combinatorial, each of the homogeneous tilings in 
Sections 3-7 of this paper has an isohedral representative [-9, Theorems 4.7 and 4.8] to 
which Floyd's theorem can be applied. And, as we mentioned above, the characteristic 
polynomial of a tiling is not affected by the addition or deletion of a family of tiles with 
growth rate ~< 1. Thus, as a result of Floyd's theorem, we have: 
Theorem 8.1. Let ~ be a homogeneous e sentially isohedral tiling of E 2 or H 2 whose 
growth by coronas can be described by a system S of recurrences. Then the characteristic 
polynomial associated with the system S is palindromic. 
9. Independence of results from the initial configuration of the diagram 
To conclude, we need to establish that the results we have derived for different 
classes of tilings are independent of the particular diagram used to describe the tiling 
type. For example, Fig. 6 is a vertex-centered diagram for a tiling of type [3,14,14]; 
Fig. 17 is a tile-centered diagram. Since the initial conditions for the sequence {t,} are 
different in each diagram, the sequence {t,) = 3,36, 150,456, 1260, ... ) for Fig. 6 dif- 
fers from {t,) = 26, 122, 382, 1066, 2858 . . . .  } for Fig. 17. However, the defining recur- 
rence, t, = 4t,-1 - 4tn-2 + tn-3 (n ~> 5), and therefore 2 = l im,~t ,+ l / t ,  are the 
same for both diagrams. 
We now give a general proof. 
Theorem 9.1. Given a homogeneous tiling of  H 2, the recurrences determining its growth 
rate and balance are independent ofthe initial configuration at the center of any diagram 
chosen to depict the tiling. 
Proof. Let .~ be any homogeneous tiling of H 2 whose growth is regular enough to be 
specified by recurrences, and D(.~, Co) a specific diagram for ~, with initial configura- 
tion Co, from which these recurrences are determined. A diagram D(D, Co) is drawn to 
emphasize the successive coronas of the central configuration Co, and especially the 
corona boundaries, the concentric circles Ci. Any vertex, tile, or edge not at the center 
of diagram D(.~,Co) will have an irregular shaped corona in that diagram. For 
example, Fig. 18 is a diagram of the non-isohedral tiling of Fig. 15 in which we have 
outlined the boundaries of the third and fourth coronas of a vertex V on C2. (The 
boundaries of the third and fourth coronas of the central vertex Vo are of course 
Ca and C4 because of the way the diagram is constructed.) We see that the boundary 
of the fourth corona of V lies almost entirely along the circles C2, C4, and C6 forming 
the boundaries of the corresponding coronas of the central vertex Vo. In fact, any 
corona of V has at most 2-4 = 8 edges not on one of the original Ci, so at most 
2.8 = 16 vertices where the connections do not satisfy the original recurrences given 
for the tiling. 
For the general case, given a tiling .~ and diagram D(.% Co), let C be any vertex, edge 
or tile in the diagram, and k the integer such that C belongs to Ck or to the annulus 
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Fig. 18. The third and fourth coronas of a point V in the non-isohedral tiling [43,6] of Fig. 15. 
between Ck and Ck-1. Thus k -  1 is the number of Ci between C and the initial 
configuration Co of the diagram D(~, Co). Therefore, for n > k, the nth corona of 
C will include Co and all Ci for which 0 < i < n - k. (In fact, in most cases, these 
inequalities need not be strict. In Fig. 18, for example, k = 2, and the fourth corona of 
vertex V includes Co( = Vo) and all of C1 and C2.) 
We now consider three cases: 
If the tiling Iv1, v2, . . . ,  vk] does not contain a vertex of degree three or four, then the 
edges in the boundary of the nth corona of the configuration C which do not lie along 
one of the Ci are edges between some C~ and C~_1 (or an edge of To if the initial 
configuration of the diagram is a tile To). There are at most 2(2k + 1) such edges 
belonging to the nth corona of C, and hence at most 2.2(2k + 1) = 4(2k + 1) vertices 
along the boundary of the nth corona of C where the recurrences for diagram D(~, Co) 
are not satisfied. 
If the tiling Iv1, v2, . . . ,  vk] contains a vertex of degree three, then diagram D(,3, Co) 
may contain vertices of degree three which do not lie on any Cz, as in the diagrams for 
the tiling I-3,14,14] in Figs. 6 and 17. For such tilings, there may be two contiguous 
edges belonging to the boundary of the nth corona of C which lie between some Cg and 
Ci_l. Such edges will each be incident to a vertex of degree three; examples are 
labelled el and e2 in Fig. 6. One other possibility is that a boundary edge has both 
endpoints on the same C~; an example of such an edge is labeled e3 in Fig. 6. For such 
tilings, the bound on the number of edges on the boundary of a corona of C which do 
not belong to one of the C~ of the diagram is increased by a factor of 2, that is, there are 
at most 4(2k + 1) boundary edges of any corona of C which do not lie along one of the 
C~ and therefore 8(2k + 1) vertices where the recurrences for diagram D(,3, Co) are not 
satisfied. 
If the trianoular tiling Iv1, vz, v3] contains a vertex of degree four, it is also possible 
that a diagram for the tiling will contain edges with both endpoints on the same C~. 
(This was not the case for the diagram of the tiling [-4,8,10] in Fig. 11; however, 
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a tile-centered iagram would contain two such edges in each annulus between 
successive Ci.) For such a tiling, the number of vertices in the boundary of the nth 
corona of a configuration C where the recurrences for the diagram D(3, Co) do not 
hold is bounded by 4(2k + 1), as in the first case. For diagrams of tilings Iv1, v2 . . . .  , Vk] 
with k > 3, all edges not along one of the Ci have endpoints on successive Ci. Hence 
the bound of 4(2k + 1-) for vertices on the boundary of a corona of C where the 
recurrences for the diagram D(.3, Co) are not satisfied holds for these tilings as well. 
Thus in all cases, the number of vertices on the boundary of any corona of 
a configuration C where the recurrences for the diagram D(.3, Co) are not satisfied is 
bounded by a constant depending on the number of C~ between C and the initial 
configuration Co of the diagram. On the other hand, the number of vertices on the nth 
corona of C where the connections and so the recurrences are precisely those specified 
for the tiling from the diagram D(.~, Co) grows exponentially with n. Therefore in all 
cases the recurrences, and therefore the characteristic polynomial, for a diagram 
centered at C are essentially the same as those for the diagram D(3, Co) centered at Co, 
with the possible addition of a factor of x - 1. The largest root 2 of the characteristic 
equation of the recurrences, and so the growth rate, will be the same for both 
diagrams. 
Thus, the recurrences given for a diagram are independent of its initial 
configuration. 
Note. The exceptional cases discussed in the proof of Theorem 9.1- -  homogeneous 
tilings with a vertex of degree three, or homogeneous triangular tilings with a vertex of 
degree four - -  are precisely the cases Floyd describes as having 'buried domains' in 
[5]. In our diagrams, such tilings have tiles 'buried' within an annulus, rather than 
stretching from some Ci to Ci 1. 
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